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Abstract
In this paper we give results on (p-)blocks with the defect groups isomorphic to an extra special
group of order p3. We are particularly interested in the number of irreducible ordinary characters,
and the number of irreducible Brauer characters in the block. The situation splits naturally into two
cases according to the exponent of the extra special group; in this paper we concentrate on the ex-
ponent p2 case. We prove that Olsson’s Conjecture (Theorem 4.6) and Brauer’s k(B)-Conjecture
(Proposition 5.13) hold for the exponent p2 case. We are also able to calculate two important block
invariants (k(B)− l(B) and l(B) −m(1)
G,B(1)) in this case.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
In this paper we are mainly concerned with the number of characters in a particular
block, hence we shall use I.M. Isaacs’ approach to block structure [15]. We consider a
block,B, as a union of two sets, a set of irreducible ordinary characters of G, of cardinality
k(B), and a set of irreducible Brauer characters of G, of cardinality l(B).
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block. It seems that the difference between the D-conjugacy in D and the G-conjugacy
in D, which we call the fusion in the defect group, is key to this role. However, we do not
fully understand the consequences and there are many conjectures regarding this. One of
these is Brauer’s k(B)-Conjecture. It first appeared in a paper by R.W. Brauer [3] in 1946
and, although progress has been made, it remains an open problem. The conjecture claims
that the number of ordinary irreducible characters in a block is less than the order of the
defect group. G.R. Robinson and J. Thompson [29] proved that the k(B)-Conjecture holds
for p-blocks of p-soluble groups with p > 530, and the conjecture has recently been settled
in the affirmative for all p-soluble groups.
We aim to continue this investigation in the case where the block has an extra special
defect group of order p3 with p odd. We shall denote such a block by B and a defect group
of B by D to distinguish it from the general case.
For each prime there are, up to isomorphism, two extra special groups of order p3. For
p = 2 they are D8 and Q8. For p > 2 we have one of exponent p which we label p1+2+ , and
one of exponent p2 which we label p1+2− . The extra special groups of order 8 are covered
by the work of Brauer [7] and Olsson [22]; hence we work with only odd primes.
In addition we shall consider Olsson’s Conjecture when we have an extra special defect
group of order p3 with p odd. Olsson’s Conjecture also concerns the number of irreducible
characters in a block, B. However it is restricted to the characters with height zero. It
suggests that the number of these, k0(B), is bounded from above by the index of the derived
group of a defect group in that defect group.
In the p1+2− case we use results on local categories by R. Kessar, M. Linckelmann
and G.R. Robinson [16] (which includes a version of a result by B. Külshammer and
L. Puig [18]). This allows us to show that the inertial quotient controls fusion in all cases
(not just the principal case as is described above). Two papers of Robinson [27,28] will
allow us to get information about the number of characters and prove both Brauer’s and
Olsson’s Conjectures in this case. These will also apply to some situations in the p1+2+
case. To finish off this case we use the theory of lower defect groups (started by Brauer [6]
but) developed by Olsson in [24] to gain information about the value of l(B).
2. Preliminaries
We shall use the common notation of group theory and character theory as in Isaacs
[15]. Let G be a finite group and p a fixed prime such that |G| = paq , where p  q (p does
not divide q). We let Gp′ be the set of p-regular elements of G, that is the elements with
orders not divisible by p. For n ∈ N, if pb | n for some b but pb+1  n then we let np = pb .
We say np is the p-part of n.
We also employ the following notational device as in [10]. If G acts on a set X, then we
let (G :X) be the set of G-orbits on X and we let [(G :X)] be a full set of representatives
of the G-orbits on X.
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Let (K,L,F) be a p-modular system where L is a complete local discrete valuation
ring of characteristic zero such that the quotient field, K, contains all |G|th roots of unity
and L/M = F is a field of characteristic p, where M is the unique maximal ideal of L.
Then we let l∗ be the image of l ∈ L under the natural map L → F. Finally, we denote the
associated p-adic valuation by υ . We assume that υ(0) = ∞ and υ(p) = 1.
2.2. Factor blocks
This section contains a result that we shall use frequently throughout this paper. It allows
us, under certain conditions, to gain information about the block by studying a block with
smaller defect group. We need the following definition before we give the theorem.
Definition 2.1. Let H G and G = G/H , we define the following F-algebra homomor-
phism
µH :FG → FG∑
x∈G
αxx →
∑
x∈G
αxx,
where x = xH ∈ G.
Theorem 2.2. Let G be a finite group and H be a normal p-subgroup of G. Let G = G/H .
Suppose that |G : CG(H)| is a power of p. IfB is a block of G with a defect groupD, then
µH(eB) = eB for a unique block B of G. Furthermore, D=D/H is a defect group of B
and the following holds for the Cartan matrices with a suitable choice of bases:
CB = |H |CB.
We refer to the corresponding block as the factor block (in G). A proof of this theorem
can be found in Nagao and Tsushima [20, §5, 8.11].
2.3. Cyclic defect group
By applying the above result on factor blocks it will sometimes be possible for us to
reduce to studying blocks with cyclic defect groups. Fortunately, these are well understood.
Dade [12] proved the following theorem.
Theorem 2.3. Let B be a block of G with a cyclic defect group of order pd . Let e be the
inertial index of B. Then
l(B) = e,
k(B) = e + p
d − 1
.
e
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We start with some hypotheses which will be assumed for the remainder of the paper.
3.1. Hypotheses
Fix a prime p > 2. Let G be a finite group with order paq where p  q . Let (K,L,F)
be a p-modular system where K contains all |G|th roots of unity. Let B be a block of G
with an extra special defect group, D of order p3. We shall use B and D when we mean a
block with an arbitrary defect group. (We shall restrict to exponent p2 later.)
3.2. The extra special groups
Definition 3.1. A p-group G is called extra special if∣∣Z(G)∣∣= ∣∣G′∣∣= ∣∣Φ(G)∣∣= p.
For each odd prime p, there are just two non-isomorphic extra special groups of or-
der p3. One of exponent p (for which we write p1+2+ ) and one of exponent p2 (for which
we write p1+2− ). See Aschbacher [2, §8, §§23].
For the exponent p2 case we shall use the following presentation:
p1+2− =
〈
x, y | yp2 = xp = 1, yx = yp+1〉.
When we refer to x and y we refer to those occurring in the above presentation.
3.3. The structure of the extra special groups
We shall denote an arbitrary maximal subgroup of D by Q and a subgroup of order p
by P . The centre of D, which is contained in all the maximal subgroups, shall be denoted
by Z. If a maximal subgroup is elementary abelian then we shall normally assume that it is
generated by x and z, where z generates Z. If the maximal subgroup is cyclic, specifically,
then we may refer to it as Y = 〈y〉.
In particular, the group p1+2− has p2 + p − 1 conjugacy classes and p + 1 maximal
subgroups. One maximal subgroup is elementary abelian, Q, of order p2, the remaining p
are cyclic of order p2 and we may denote them by Yi (0 i  p − 1). We label the non-
central subgroups of order p by Pj (1 j  p) and the centre by Z.
3.4. Outer automorphism group of p1+2+
When D has exponent p we can present it as a subgroup of GL3(p) in the following
way:
D ∼=
{( 1 0 0
a 1 0
) ∣∣∣ a, b, c ∈ Fp
}
. (1)c b 1
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phism group of D, denoted by Out(D) is isomorphic to GL2(p). The action of Out(D) on
D is equivalent to the following. For A = ( α β
γ δ
) ∈ GL2(p), we have
( 1 0 0
a 1 0
c b 1
)A
=
( 1 0 0
aα + bγ 1 0
1
2a
2αβ + 12b2γ δ + abβγ + det(A)c aβ + bδ 1
)
. (2)
We refer to Doerk and Hawkes [13, §A, 20.8] for a proof.
3.5. Outer automorphism group of p1+2−
Proposition 3.3. If D is extra special of order p3 and exponent p2, then the outer auto-
morphism group of D is the semidirect product of Cp with Cp−1.
We refer again to [13, §A, 20.8] for a proof.
3.6. Outer automorphism groups of the maximal subgroups
If a maximal subgroup of D is elementary abelian of order p2, then it can be consid-
ered as a vector space over Fp . It is easy to see that this has outer automorphism group
isomorphic to GL2(p) with the natural action.
If a maximal subgroup of D is cyclic of order p2, then the outer automorphism group
is isomorphic to Cp  Cp−1 with the non-trivial action of Cp−1. See Doerk and Hawkes
[13, §A, 21.1(b)].
3.7. The height of characters in B
It follows directly from the theorem of Brauer and Feit [9, Theorem 2] that we only
have irreducible characters of height 0 and 1 occurring in our block. That is, hχ  1 for all
χ ∈ Irr(B) when the defect group is extra special of order p3 (in fact, it is true whenever
d(B) = 3).
3.8. Subpairs
We follow Olsson’s [25] approach to subpairs.
Definition 3.4. Let B ∈ Bl(G). Let R be a p-subgroup of G and let bR be a block of
RCG(R). Then we call (R,bR) a B-subpair (or just a subpair) if bGR =B. We call the set
of all B-subpairs Sp(B).
Since R is normal in RCG(R) it can be seen, from [21, 4.8], that the definition forces
R  δ(bR). Then, by [20, §5, 3.3], we have R  δ(bR)D. For convenience, when there is
no possibility for confusion, we shall refer to properties of R and the block bR as properties
of the subpair (R,bR). For example we may refer to the order of (R,bR) meaning |R|, and
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subpair conjugacy.
Definition 3.5. Let (R,bR), (T , bT ) ∈ Sp(B). We write (R,bR) (T , bT ) if the following
conditions are satisfied:
• R  T ,
• bTCG(R)R = bTCG(R)T .
Moreover, we write (R,bR) (T , bT ) if there exists a chain of subpairs
(S1, bS1), (S2, bS2), . . . , (Sj , bSj )
such that
(R,bR) (S1, bS1) (S2, bS2) · · · (Sj , bSj ) (T , bT ).
We say that (R,bR) is a Sylow B-subpair if (R,bR) is maximal with respect to the
above inclusion of subpairs and bGR =B.
Definition 3.6. Let (R,bR), (T , bT ) ∈ Sp(B). If the following two conditions are satisfied
for some g ∈ G:
• T g = R,
• bgT = bR ,
then we say that (R,bR) is (G-)conjugate to (T , bT ).
We write (T , bT )g = (R,bR) if (T , bT ), (R,bR) ∈ Sp(B) and (T , bT ) is G-conjugate
to (R,bR).
We denote the inertial quotient in the following way. Let
IG(R,bR) := NG(R,bR)
RCG(R)
.
Since NG(R,bR) is a subgroup of NG(R) we know that IG(R,bR) is a subgroup of the
outer automorphism group of R.
Finally we define some types of subpairs which will be useful later.
Definition 3.7. Let (R,bR) be a subpair.
• A centralizer subpair of (R,bR) (or a (R,bR)-centralizer subpair) is a Sylow bR-
subpair containing (R,bR).
• A normalizer subpair of (R,bR) (or a (R,bR)-normalizer subpair) is a Sylow
b
NG(R,bR)
R -subpair containing (R,bR).• We say (R,bR) is a Brauer subpair if δ(bR) = R.
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Following the work of Brauer [7], Olsson [22,23] and Külshammer [17] we would like
to determine a set, R(D,bD), of representatives for, what Brauer called, the strong conju-
gacy classes of subgroups.
We now define two sets of subpairs and give a formal definition of the set R(D,bD).
Definition 3.8. First, we define a stronger inclusion of subpairs, n. We say (R,bR) n
(S, bS) if there exists a sequence of subpairs
(R,bR) = (R1, bR1), (R2, bR2), . . . , (Rs, bRs ) = (S, bS)
such that for i = 1,2, . . . , s −1 the subpair (Ri+1, bRi+1) is a (Ri, bRi )-normalizer subpair.
Now, let B be a block with defect group D, and set
A(D, bD) :=
{
(R,bR) (D, bD) | (R,bR) is a Brauer B-subpair
}
,
A0(D, bD) :=
{
(R,bR) ∈ A(D, bD) | (R,bR)n (D, bD)
}
and
R(D,bD) :=
[(
G :A0(D, bD)
)]
.
These definitions can be seen to be equivalent to Brauer’s [8] by considering [1, Theo-
rem 3.10].
3.10. The Brauer net for an extra special defect group
We show in this section that for an extra special defect group of order p3 both Brauer
nets are the same. The proof of this follows from Olsson’s [22, 1.7] and Brauer’s results
[8, (4G)].
Proposition 3.9. Let B be a block of G with an extra special defect group, D, of order p3.
Then
A(D,bD) = A0(D,bD) =
{
(D,bD), (Q1, bQ1), . . . , (Qp+1, bQp+1)
}
,
where the Qi ’s are maximal subgroups of D.
Proof. A Sylow B-subpair is a self normalizing Brauer subpair by [25, 2.4–2.6], so
(D,bD) is contained in both Brauer nets. For a maximal subgroup Q of D a subpair
(Q,bQ) (D,bD) is contained in both Brauer nets by condition 3 of [22, 1.7]. The sub-
pairs of order p and 1 are not in A(D,bD) by [8, (4G)]. 
The above result shows that when we have an extra special defect group we may refer
to the Brauer net uniquely and shall use the notation A(D,bD) to denote this.
Our next result, which applies to all blocks, gives us information about the group
NG(Q,bQ). It is a generalization of a result of Brauer [7, (3B)] on dihedral defect groups
and will be useful later.
464 S. Hendren / Journal of Algebra 291 (2005) 457–491Proposition 3.10. Let B be a block of G. Fix a Sylow B-subpair, (D, bD). If R  D,
then DCG(R) contains a Sylow p-subgroup of NG(R,bR) where bR is the unique block of
RCG(R) such that (R,bR) (D, bD).
Proof. From [25, 1.2] we know that D  NG(R,bR). Since CG(D)  CG(R) 
NG(R,bR) we have DCG(D)  NG(R,bR) and hence bNG(R,bR)D is defined by [20, §5,
3.6]. Using (R,bR) (D, bD) we have
b
NG(R,bR)
D =
(
b
DCG(R)
D
)NG(R,bR) = (bDCG(R)R )NG(R,bR) = bNG(R,bR)R .
So D is a defect group of bNG(R,bR)R . By Fong’s Theorem [20, §5, 5.13 and 5.16], we
have
p 
∣∣NG(R,bR) :DCG(R)∣∣,
and the result follows. 
The last result in this section is another result by Olsson on fusion of subpairs but first
we need the following definition.
Definition 3.11. Two subpairs (R,bR), (T , bT )  (D, bD) are called A0-conjugate, if
there exists elements x1, x2, . . . , xn ∈ G and subpairs (S1, bS1), (S2, bS2), . . . , (Sn, bSn)
contained in (D, bD), such that:
• (Si, bSi ) ∈ A0(D, bD) and xi ∈ NG(Si, bSi ), 1 i  n;• (R,bR) (S1, bS1);• (R,bR)x1x2···xi  (Si+1, bSi+1);• (R,bR)x1x2···xn = (T , bT ).
The following theorem together with Proposition 3.9 is enough to show that it only
remains to determine the NG(D,bD)-conjugacy classes of subpairs containing a maximal
subgroup of D to determine R(D,bD). This is because in our case A0-conjugacy of the
subpairs (Q,bQ) is the same as NG(D,bD)-conjugacy.
Theorem 3.12 (Olsson’s Fusion Theorem [25, (4.3)]). Let B be a block with defect
group D. Let (R,bR) and (T , bT ) be Brauer subpairs contained in the Sylow B-subpair
(D, bD). Then (R,bR) and (T , bT ) are conjugate in G if and only if they are A0-conjugate.
So in our case, after a possible renumbering, we can say that
R(D,bD) =
{
(D,bD), (Q1, bQ1), . . . , (Qs, bQs )
}
for some 1 s  p+1 and this is determined by IG(D,bD) since DCG(D) normalizes all
the maximal subgroups of D. This is equivalent to looking at what possible fusion patterns
can occur when D is acted upon by a p′-subgroup (by [8, 2L]) of the outer automorphism
group of D.
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We shall use subsections to estimate k(B) using a results of Brauer (Theorem 3.15
below). To do this, we must determine the set [(G : sp(B))], a set of representatives of the
G-conjugacy classes of subsections.
Definition 3.13. Let w be a p-element of G, and bw be a block of CG(w). Then we say
that the pair (w,bw) is a subsection and is associated with the block bGw of G. We call the
set of all B-subsections sp(B).
If (w,bw) is a subsection, then it is easy to see that (〈w〉, bw) is a subpair.
To connect the two concepts we say that the subsection (w,bw) is contained in the
subpair (R,bR) if (〈w〉, bw) (R,bR).
For this we write (w,bw) ∈ (R,bR).
Many results on subpairs can be applied to subsections. In particular, let (R,bR) be
a subpair. Then, by [25, 1.6], for a p-element w ∈ R there exists a unique block, bw , of
CG(w), such that
(w,bw) ∈ (R,bR).
Finally, we may also refer to properties of the element or the block in a subsection as
properties of that subsection. For example, we could say (w,bw) has order p if w has order
p or we might say (w,bw) has defect group W if bw has defect group W .
We define conjugacy of subsections in a similar manner to that of subpairs, as follows.
Definition 3.14. Let (w,bw), (v, bv) ∈ sp(B). Then we say (w,bw) is (G-)conjugate to
(v, bv) if the following two conditions are satisfied for some g ∈ G:
• wg = v;
• bgw = bv .
We denote this by (w,bw)g = (v, bv).
The motivation for studying the subsections comes from the following theorem of
Brauer. It will enable us to use subsections to calculate k(B).
Theorem 3.15 (Brauer [4, (7D)]). Let B be a block. Then
k(B) =
∑
(w,bw)
l(bw)where (w,bw) ∈ [(G : sp(B))].
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Definition 3.16. Let (u, bu) be a subsection of G associated with the block B of G. If
d(bu), the defect of bu, is equal to d(B), the defect of B, then we call (u, bu) a major
subsection.
It is clear that in general we have d(bu) d(B) since every defect group of bu is con-
tained in some defect group of B, by [20, §5, 3.3]. We denote the number of G-conjugacy
classes of major subsections associated with B by nB.
Proposition 3.17. Let B be a block of G with an extra special defect group of order p3. Fix
a Sylow B-subpair (D,bD). Then we may assume that the elements of [(G : sp(B))] are
either of the form (u, bCG(u)D ) with u ∈ Z or of the form (u, bCG(u)Q ) where Q is a maximal
abelian subgroup of D and u ∈ Q−Z.
Proof. From 3.9 we may assume that
R(D,bD) =
{
(D,bD), (Q1, bQ1), . . . , (Qs, bQs )
}
where the Qi ’s are subgroups of order p2. From the Brauer’s Theorem [8, (6C)], we know
that all subsections are conjugate to a subsection of the form
(
r, b
CG(r)
R
)
with r ∈ Z(R) and (R,bR) ∈R(D,bD). So we may assume that the representatives of the
conjugacy classes of subsections are all of the form (r, br ) where r ∈ D.
We know that (D,bD) is in R(D,bD), so we first consider the elements u ∈ Z in con-
ditional equation from [8, (6C)] with R = D. The block bD is a root of B so by Brauer’s
Theorem [8, 2L], we have
∣∣NG(D,bD) :DCG(D)∣∣ 
≡ 0 mod p.
So it remains true that
∣∣NG(D,bD)∩CG(u) :DCG(D)∣∣ 
≡ 0 mod p.
To determine which elements of Z give rise to subsections in [(G : sp(B))] we only have
to check the NG(D,bD)-conjugacy.
We know that at least one subpair (Qi, bQi ) occurs inR(D,bD), so, consider Z(Qi) =
Qi . This contains Z. So, again, we consider the elements u ∈ Z in the conditional equation
but with R = Qi . Since u ∈ Z(D) we have D  CG(u), but D  CG(Qi). From Proposi-
tion 3.10 we know that DCG(Qi) contains a Sylow p-subgroup of NG(Qi, bQi ) so∣ ∣∣NG(Qi, bQi )∩CG(u) :QiCG(Qi)∣≡ 0 mod p.
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(u, b
CG(u)
Q ) in [(G : sp(B))].
Finally, consider u ∈ Z(Qi) − Z. For these elements u, we see that CG(u) ∩ D = Qi .
Also, as before, we know that DCG(Qi) contains a Sylow p-subgroup of NG(Qi, bQi ).
So,
∣∣NG(Qi, bQi )∩CG(u) :QiCG(Qi)∣∣ 
≡ 0 mod p.
Hence, to determine the set [(G : sp(B))] it remains check the NG(Qi, bQi )-conjugacy
of the elements of Qi − Z. We note that elements of Qi − Z may be NG(Qi, bQi )-
conjugate to elements of Z. In this case the subsections arising are conjugate to those
occurring above. 
We give the following definition and result of Alperin and Broué [1, Definition 4.11 and
Corollary 4.13], to help us prove Corollary 3.20.
Definition 3.18. Let B be a block of G and let (D, bD) be a Sylow B-subpair. Then two
subsections (r, br ), (t, bt ) ∈ (D, bD) are called locally conjugate if there exists elements
x1, x2, . . . , xn ∈ G and subpairs (S1, bS1), (S2, bS2), . . . , (Sn, bSn) contained in (D, bD),
such that:
• xi ∈ NG(Si, bSi ),1 i  n;
• (r, br ) ∈ (S1, bS1);
• (r, br )x1x2···xi ∈ (Si+1, bSi+1),1 i  n; and
• (r, br )x1x2···xn = (t, bt ).
Theorem 3.19. Let B be a block of G and let (D, bD) be a Sylow B-subpair. Then two
subsections (r, br ), (t, bt ) ∈ (D, bD) are G-conjugate if and only if they are locally conju-
gate.
Corollary 3.20. Let B be a block of G with an extra special defect group of order p3. Fix a
Sylow B-subpair (D,bD) and an associated Brauer net A(D,bD). Let (w,bw) ∈ (D,bD).
If w is NG(R,bR)-conjugate to an element of the centre of D for (R,bR) ∈ A(D,bD)
such that w ∈ R, then (w,bw) is major. If w is not NG(R,bR)-conjugate to an element
of the centre of D for (R,bR) ∈ A(D,bD) such that w ∈ R, then (w,bw) is a non-major
subsection with defect groups of order p2.
Proof. Let Q be the maximal abelian subgroup of D containing w. Suppose that, for some
g ∈ NG(R,bR), wg = u where u ∈ Z. Hence (w,bw) is conjugate to a subsection of the
form (u, bCG(u)D ) by Proposition 3.17. Therefore (w,bw) is major by [20, §5, 3.3].
Now suppose that w is not NG(R,bR)-conjugate to any element of the centre of D for
(R,bR) ∈ A(D,bD) with w ∈ R. By [5, 4A], if (w,bw) is major, then w belongs to the
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[1, Theorem 3.10]) so there exists g ∈ G such that wg ∈ Z and we obtain
(w,bw)
g = (wg,bgw) ∈ (D′, bD′)g = (D,bD).
Hence, by 3.19, (w,bw) and (wg, bgw) are locally conjugate. Therefore w is conjugate
to an element of the centre of D via NG(R,bR) for (R,bR) ∈ A(D,bD) with w ∈ R. This
is a contradiction so (w,bw) is non-major and is of the form (w,bCG(w)Q ) and so, by [20,
§5, 3.3], has defect groups of order p2. 
3.12. Non-major nilpotent subsections
The non-major subsections will play an important role in the proof of Olsson’s Conjec-
ture in our case. Here we investigate under what conditions does the non-major subsection
(u, bu), have the property that bu contains just one Brauer character. From the Broué–Puig
paper [11] if bu is nilpotent then we know that l(bu) = 1. So we shall try to find the condi-
tions which give us nilpotent blocks. This will allow us to prove Olsson’s Conjecture holds
in some cases.
Definition 3.21. Let B be a block of G. Let (D, bD) be a Sylow B-subpair. We say
B is nilpotent if for every Brauer B-subpair, (R,bR) contained in (D, bD), the group
IG(R,bR) is a p-group.
If we say that a subsection or subpair is nilpotent, we mean that the block is nilpotent
as in the above definition (not that the p-element or p-group is nilpotent). We include the
following simple lemma which we will use later. Let B ∈ Bl(G) be a p-block. We first ask
when is a Brauer subpair (Q,bQ) nilpotent.
When the defect group, D, is extra special of order p3 we know that all the non-major
subsections have defect groups of order p2 (Corollary 3.20). First suppose that (w,bw)
is a B-subsection with δ(bw) = Q where Q is elementary abelian of order p2. This may
happen in both + and − cases but does not necessarily occur as all the subsections could
be major.
Lemma 3.22. Let (D,bD) be a Sylow B-subpair. Let (w,bw) ∈ (D,bD) be a B-subsection
with defect group Q where Q is elementary abelian of order p2. Let 〈w〉 = P and (Q,bQ)
a Sylow bw-subpair. If ICG(P )(Q,bQ) is a p-group, then bw is nilpotent.
Proof. Since (Q,bQ) is a Sylow bw-subpair, it is also a Brauer bw-subpair. We know that
the only other possibilities for Brauer bw-subpairs are of the form (L,bL) where L is of
order p.
If L = P then bL is a block of PCCG(w)(P ) = CG(w) and so bP = bw and (L,bL) is
not a Brauer bw-subpair.
If L = Z then bL is a block of X = LCCG(w)(L) = ZCCG(w)(Z) = CCG(w)(Z). So we
have QX. By [21, 4.8], we have Q δ(bL) and so (L,bL) is not a Brauer bw-subpair.
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Corollary 3.23. If IG(Q,bQ) is a p-group then bw is nilpotent.
Proof. The following shows that if IG(Q,bQ) is a p-group, then ICG(P )(Q,bQ) is a
p-group and hence by Lemma 3.22, the block bw is nilpotent.
ICG(P )(Q,bQ) =
NCG(P )(Q,bQ)
QCCG(P )(Q)
= NG(Q,bQ)∩CG(P )
QCG(Q)∩CG(P )
= NG(Q,bQ)∩CG(P )
(NG(Q,bQ)∩CG(P )) ∩QCG(Q)
∼= (NG(Q,bQ)∩CG(P ))QCG(Q)
QCG(Q)
= NG(Q,bQ)∩CG(P )
QCG(Q)
 NG(Q,bQ)
QCG(Q)
= IG(Q,bQ). 
Lemma 3.24. Let B, (w,bw) and P be as above. Then∣∣ICG(P )(Q,bQ)∣∣ | p − 1.
Proof. We know that ICG(P )(Q,bQ) is a subgroup of the outer automorphism group of Q.
Further to this, ICG(P )(Q,bQ) fixes the subgroup P of Q. The only remaining possibilities
are that the elements of ICG(P )(Q,bQ) permute the other cyclic subgroup, of order p, in Q.
This is Z, the centre of D.
4. Olsson’s Conjecture
Here we prove Olsson’s Conjecture for the exponent p2 case in general and for the
exponent p case when IG(Q,bQ) SL2(p). We do this by proving a sufficient condition
and then showing that the cases above satisfy this condition. The following theorem of
Robinson [28, Theorem 3.1] shall be important in the proof.
Theorem 4.1 (Robinson). LetB be a block of G. Let (w,bw) be a non-majorB-subsection
and suppose that the defect group of bw has order pf . Then
2 2fk0(B)  p l(bw).
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k0(B) < p
4.
This holds for all block of defect 3.
Lemma 4.2. Let B be a block of G with a defect group D, isomorphic to p1+2− . Suppose B
has a non-major B-subsection, (w,bw) with defect group Y . Then
l(bw) = 1.
Proof. From Proposition 3.17 we may assume that (w,bw) is of the form (w,bCG(w)Y ) and
w ∈ Y − Z. Therefore w has order p2 and |CG(w) :CCG(w)(Y )| = 1. So we may apply
Theorem 2.2 to get a factor block, bw . This is the unique block of Q = CG(w)/Y . We
know that bw has defect group Y/Y = 1. Hence by [20, §3 6.29] we know l(bw) = 1. Now,
from the correspondence of the Cartan matrices,
Cbw = |Y |Cbw,
we have l(bw) = 1. 
Proposition 4.3. Let B be a block of G with an extra special defect group D, of order p3.
Let (w,bw) be a non-major B-subsection. Then
l(bw) | p − 1.
Furthermore,
l(bw) =
∣∣ICG(w)(Q,bQ)∣∣
where Q is the defect group of bw .
Proof. Since (w,bw) is non-major, by Corollary 3.20 we have δ(bw) = Q for some maxi-
mal subgroup Q of D. Let P be the subgroup of Q generated by w. We know P  CG(w)
and |CG(w) :CCG(w)(P )| = 1. So we may apply Theorem 2.2. Let C and Q be the groups
CG(w)/P and Q/P respectively. Then there exists a unique block bw of C, the factor
block of bw . We know that bw has defect group Q and we have the following correspon-
dence of the Cartan matrices
Cbw = |P |Cbw .
If w has order p2, then l(bw) = 1, from above. So it remains to consider the case where
w has order p. This gives
∣ ∣∣Q∣= p.
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p − 1 and hence, again from the correspondence of the Cartan matrices we have
l(bw) | p − 1.
Furthermore, the cyclic defect group theory gives us that l(bw) = e where
e = ∣∣NC(Q,bQ) :QCC(Q)∣∣= ∣∣IC(Q,bQ)∣∣.
Let n ∈ NCG(w)(Q,bQ). If n = µP (n), then n normalizes Q. Since µP is an algebra
homomorphism we have
(ebQ)
n = µP (ebQ)n = µP
(
enbQ
)= µP (ebQ) = ebQ.
Hence n is in NC(Q,bQ). Now conversely, let n ∈ CG(w) be a coset representative
of n ∈ NC(Q,bQ). Then n normalizes Q for n normalizes Q. Furthermore, n fixes the
idempotent ebQ since the support of ebQ and ebQ consists of only p
′
-elements. So,
NCG(w)(Q,bQ) = NC
(
Q,bQ
)
.
Similarly,
CCG(w)(Q) = CC
(
Q
)
,
and so
ICG(w)(Q,bQ)
∼= ICG(w)(Q,bQ) =
NCG(w)(Q,bQ)
CCG(w)(Q)
= IC
(
Q,bQ
)
.
Therefore |ICG(w)(Q,bQ)| = |IC(Q,bQ)| = e. Hence
l(bw) =
∣∣ICG(w)(Q,bQ)∣∣. 
Corollary 4.4. Let B be a block of G with an extra special defect group D, of order p3.
Suppose that there exists a non-major subsection. Then
k0(B) p2
√
p − 1.
Proof. Let (w,bw) be a non-major subsection. From Proposition 4.3 we know that l(bw)
p − 1 and that the defect group of bw has order p2. Now, we may apply Theorem 4.1 and
obtain
2 4 2√k0(B)  p l(bw), k0(B) p p − 1. 
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the above result by seeing:
k0(B) p2
√
l(bw).
Corollary 4.5. Let B be a block of G with an extra special defect group D, of order p3.
Suppose that there exists a non-major subsection with only one irreducible Brauer charac-
ter. Then Olsson’s Conjecture holds, that is
k0(B) p2.
Proof. Let (w,bw) be a non-major subsection with l(bw) = 1. Then we know that the
defect group of bw has order p2 by Corollary 3.20. Now, we may apply Robinson’s result,
Theorem 4.1, and we obtain
k0(B)
2  p4l(bw), k0(B) p2. 
4.1. Olsson’s Conjecture for exponent p2
We can now prove that Olsson’s Conjecture holds when the defect groups of the block
are isomorphic to p1+2− . To see this we show that a subsection satisfying the conditions of
the above corollary always exists.
Theorem 4.6. Let B be a block of G with a defect group D ∼= p1+2− . Then
k0(B) p2
and Olsson’s Conjecture holds in this case.
Proof. Since the defect group of B is p1+2− , without loss of generality, the set [(G : sp(B))]
must contain the subsection (y, by) where y generates the cyclic subgroup Y of order p2.
Furthermore, this subsection is non-major (by [5, 4A]) because y cannot be conjugated into
the centre of any defect group as it has order p2. From Lemma 4.2 we have that by = 1. So
by Corollary 4.5 we have
k0(B) p2. 
4.2. Olsson’s conjecture for exponent p with inertial quotient in SL2(p)
The same technique can be used for the exponent p case whenever a non-major sub-
section with only one irreducible Brauer character occurs. However, this may not always
be the case; for the principal block in the Janko group J4, for p = 3, all the subsec-
tions are major. However, here we show that at least one such subsection occurs whenever
IG(D,bD) SL2(p).
The next result gives an important simplification. It tells us that a subsection is either
major or its fusion is controlled by NG(D,bD).
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tra special of order p3. Let (w,bw) ∈ (D,bD) be a subsection, with w ∈ Q − Z(D).
Then either (w,bw) is a major subsection and SL2(p)  IG(Q,bQ) or IG(Q,bQ) ∼=
ING(D,bD)(Q,bQ). In particular, if Q is cyclic, then (x, bx) is non-major and the fusion
of (w,bw) is controlled by NG(D,bD).
Proof. From Proposition 3.17 we know that (w,bw) is of the form (w,bCG(w)Q ) where
(Q,bQ) (D,bD). Let I = IG(Q,bQ). Then I is a subgroup of the automorphism group
of Q, so if Q is elementary abelian of order p2, then I  GL2(p) or if Q is cyclic of
order p2, then I  Cp Cp−1. By Proposition 3.10 we have that DCG(Q)/CG(Q) is a Sy-
low p-subgroup of I . By Sylow’s Theorems, I has either one or p+1 Sylow p-subgroups.
Suppose that I has p + 1 Sylow p-subgroups. Then
SL2(p) I
(see [26, 3.2.10]). Hence w is conjugate to an element of the centre of D and so (w,bw) is
a major subsection by Proposition 3.17.
Suppose that I has one Sylow p-subgroup—which is always the case if Q is cyclic—
then DCG(Q)  NG(Q,bQ) and since Q  DCG(Q) we can apply [20, §5 5.15]; there
exists a unique block b∗ of DCG(Q) such that
b
DCG(Q)
Q = b∗.
By Fong’s Theorem [20, §5 5.13 and 5.16] we get that d(b∗) = 3 and so the defect group
of b∗ is D.
The subpair (D,bD), considered as a b∗-subpair, is a Sylow b∗-subpair. Since
DCG(Q)  NG(Q,bQ), we have Dw  DCG(Q), for all w ∈ NG(Q,bQ). Hence
(D,bD)
w is a Sylow b∗-subpair. From [1, Theorem 3.10] all the Sylow b∗-subpairs are
conjugate in DCG(Q), hence for all w ∈ NG(Q,bQ) there exists a v ∈ DCG(Q) such that
(D,bD)
w = (D,bD)v . From this we see that
wv−1 ∈ NG(D,bD)∩NG(Q,bQ),
w ∈ (NG(D,bD)∩NG(Q,bQ))DCG(Q),
w ∈ (NG(D,bD)∩NG(Q,bQ))CG(Q).
Therefore we have
I = NG(Q,bQ)
CG(Q)
= (NG(D,bD)∩NG(Q,bQ))CG(Q)
CG(Q)
∼= NG(D,bD)∩NG(Q,bQ)
NG(D,bD)∩CG(Q)= ING(D,bD)(Q,bQ). 
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quotient cannot contain SL2(p) so the subsection must be non-major and the fusion of
(w,bw) is controlled by NG(D,bD).
Theorem 4.8. Let B be a block of G with Sylow B-subpair (D,bD), where D ∼= p1+2+ .
Let IG(D,bD) be isomorphic to a subgroup of SL2(p). If w is a non-central element of D,
then the unique (w,bw) ∈ (D,bD) is a non-major subsection. In particular, there exists at
least one non-major subsection.
Proof. Let w be a non-central element of D. By [25, 1.6] and Proposition 3.17 there exists
a unique block bw such that
(w,bw) =
(
w,b
CG(w)
Q
) ∈ (D,bD)
where Q is a maximal abelian subgroup of D and (Q,bQ) (D,bD).
Suppose that (w,bw) is a major subsection. Then from Proposition 3.17, w must be
IG(Q,bQ)-conjugate to an element of the centre of D, say u. By Proposition 4.7 we have
SL2(p) IG(Q,bQ). Then u is IG(Q,bQ)-conjugate to ui for 2 i  p − 1.
Hence u is G-conjugate to another element of the centre of D but this contradicts
Alperin and Broué’s Fusion Theorem [1, Corollary 4.18 ] since IG(D,bD) fixes the centre.
Hence our assumption is false and w cannot map into the centre of D and so (w,bw) must
be non-major. 
Theorem 4.9. Let B be a block of G with Sylow B-subpair (D,bD), where D ∼= p1+2+ . Let
IG(D,bD) be a subgroup of SL2(p). Then all non-major subsections are nilpotent.
Proof. Let (w,bw) ∈ (D,bD) be a non-major subsection. Then (by Corollary 3.20) the
defect group of bw is elementary abelian of order p2, say Q. No two elements of the
centre are conjugate in NG(D,bD). From Alperin and Broué’s Fusion Theorem [1, Corol-
lary 4.18] we know that no two elements of the centre are conjugate in G hence they
are not conjugate in NG(Q,bQ). The order of ICG(P )(Q,bQ) is determined by its action
on Z, the centre of D, hence |ICG(P )(Q,bQ)| = 1 and by Lemma 3.22 we have that bw is
nilpotent. 
As before, we now have the existence of a non-major subsection with only one irre-
ducible Brauer character (by Broué–Puig [11]) when IG(D,bD) SL2(p). Hence we may
apply Robinson’s result (Theorem 4.1) to obtain Olsson’s Conjecture as in Corollary 4.5.
Corollary 4.10. Let B be a block of G with an extra special defect group D of order p3
and exponent p. Suppose that IG(D,bD) SL2(p). Then
2k0(B) p .
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Through out this section let B be a block with an extra special defect group of order p3
and exponent p2. Furthermore, let (D,bD) be a fixed Sylow B-subpair and for a subgroup
R of D we let bR be the unique block of RCG(R) such that (R,bR) (D,bD). Using the
presentation in Section 3.2, let Q = 〈x, yp〉 be the maximal elementary abelian subgroup
of D, for 0  i  p − 1 let Yi = 〈yxi〉 denote the cyclic subgroups of order p2, and let
Z = Z(D).
5.1. Local categories
Local categories provide us with a way of encapsulating the fusion information of a
block. This theory will allow us to show that the normalizer of the defect group controls
the fusion in our block. This was shown in the principal block case by Green and Minh [14]
when combined with work of Mislin [19].
We define local categories and state some results that we shall use later. We take our
definition and the following results from Kessar, Linckelmann and Robinson’s paper [16].
Definition 5.1. Let B be a block of G. Let (D, bD) be a Sylow B-subpair. For any R D
let bR be the unique block satisfying
(R,bR) (D, bD).
We define a category, F(D,bD)(G,B) whose objects are subgroups of D. If R,T ∈
F(D,bD)(G,B), then the morphisms, θ :R → T in F(D,bD)(G,B) are the group homo-
morphisms that arise in the following way. Let g ∈ G be such that
(R,bR)
g  (T , bT ).
Define the group homomorphism θ(r) = rg for all r ∈ R. We call F(D,bD)(G,B) a local
category. We may also write FD(G) for F(D,bD)(G,B) when B is the principal block.
The category obtained here is independent of the choice of the Sylow B-subpair since
they are all conjugate (by [1, Theorem 3.10]). If there exists a subgroup H of G such that
D  H and it suffices to take h ∈ H to get all the morphisms of F(D,bD)(G,B), then it
can be considered that H controls the fusion in the category. For convenience, we give a
different definition of control of fusion. They are equivalent by Alperin’s Fusion Theorem,
see [2, (38.1)].
Definition 5.2. We say that H controls fusion in F(D,bD)(G,B) if H  G and for any
subgroup R D we haveNG(R,bR) = NH(R,bR)CG(R).
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F(D,bD)(G,B) ⊆ FS(H)
where S is a Sylow p-subgroup of H containing D.
5.1.1. Results on local categories
Here we give two results on local categories from Kessar, Linckelmann and Robinson’s
paper [16]. They are required in the next section where we wish to show that the fusion
is controlled by NG(D,bD). The following result will get us a step closer, allowing us to
show that the fusion is controlled by NG(Q,bQ).
Proposition 5.3 [16, Proposition 2.3]. Let B be a block of G with Sylow B-subpair
(D, bD). Let R be a subgroup of D, let H be a subgroup of NG(R) containing RCG(R),
and let bH be the unique block of H such that bH = bHR . Assume that bH has a defect
group T containing D. Then (T , bT ) is a Sylow bH -subpair, and we have
F(T,bT )(H,bH ) ⊆ F(D,bD)(G,B).
Moreover, this inclusion is an equality if and only if H controls fusion in F(D,bD)(G,B).
We use the following proposition, which is a special case of a Külshammer–Puig result
[18, Theorem 1.8], to give an important reduction.
Proposition 5.4 [16, Proposition 2.4]. Let B be a block of G with Sylow B-subpair
(D, bD). Let (R,bR)  (D, bD) be a Brauer B-subpair. Assume that G = NG(R,bR).
Then there exists a group L such that D is isomorphic to a Sylow p-subgroup of L (which
we identify) and
F(D,bD)(G,B) = FD(L).
Moreover, we have Op′(L) = 1 and CL(R) = Z(R).
5.2. Fusion in exponent p2 case
The following result shows that fusion in B is controlled by NG(Q,bQ).
Proposition 5.5.
F(D,bD)(G,B) ⊆ FS
(
NG(Q,bQ)
)
where S ∈ Sylp(NG(Q,bQ)).
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in D, it cannot be conjugate to any other subgroup in D. Hence Q NG(D,bD) and for
all γ ∈ NG(D,bD) we have
(D,bD) = (D,bD)γ  (Q,bQ)γ =
(
Q,b
γ
Q
)
.
So, by the uniqueness part of [25, 1.6] we have bγQ = bQ. Therefore, NG(D,bD)H
and so
NG(D,bD) = NH(D,bD)CG(D).
By Proposition 4.7, we have IG(Yi, bYi ) = ING(D,bD)(Yi, bYi ). Therefore,
NG(Yi, bYi ) = NNG(D,bD)(Yi, bYi )CG(Yi) = NH(Yi, bYi )CG(Yi).
Let W = 〈w〉 be a cyclic subgroup of Q. Then (w,bW ) ∈ (W,bW ) is a subsection. By
[8, (6C)], the block bW is of the form bWQ or bWD . Hence, since NG(D,bD)H holds, the
conjugacy of bW is controlled by H . Therefore
NG(W,bW ) = NH(W,bW )CG(W).
This is trivial for the subpair (1,B). So, for all subgroups L of D we have
NG(L,bL) = NH(L,bL)CG(L).
Hence, by Definition 5.2, we have
F(D,bD)(G,B) ⊆ FS(H)
where S ∈ Sylp(H). 
We now use the Kessar–Linckelmann–Robinson result, Proposition 5.4, to reduce to
studying the fusion of a group L in which D is a Sylow p-subgroup and CL(Q) = Q.
Proposition 5.6. There exists a group L containing D such that
F(D,bD)(G,B) = FD(L).
Moreover, Op′(L) = 1,CL(Q) = Q and D ∈ Sylp(L).
Proof. From Proposition 5.5, we have F(D,bD)(G,B) ⊆ FS(H) where H = NG(Q,bQ)
and S ∈ Sylp(H). Proposition 5.3 implies
F(D,bD)(H,bQ) = F(D,bD)(G,B).
So we may assume G = H and apply Proposition 5.4. This gives us the group L with the
required properties. 
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major and IG(Q,bQ) = ING(D,bD)(Q,bQ).
Proof. From Proposition 5.6 we know that the fusion in B is equivalent to that in the
principal block of L where Op′(L) = 1, CL(Q) = Q and D ∈ Sylp(L). So let G = L.
By Proposition 4.7, if (w,bw) is major, then IG(Q,bQ) contains a subgroup isomorphic
to SL2(p). Therefore, assume M = Q.SL2(p)  NG(Q,bQ). Since D ∈ Sylp(G) from
Proposition 3.10, we have D ∈ Sylp(M). Suppose that M is a split extension. Then M
would have Sylow p-subgroup of type p1+2+ . This would be a contradiction so M is a
non-split extension.
Let cQ ∈ M/Q ∼= SL2(p) be the central involution. The group N = 〈c〉Q has order 2p2.
So by Sylow’s Theorems there exists a subgroup of order 2 in N . (In fact, all elements have
order 2.) So we can, without loss of generality, assume c has order 2. Since
N
Q
 M
Q
,
we have N M . The Frattini argument gives
M = NNG
(〈c〉)= QNG(〈c〉).
Now, Q ∩ NG(〈c〉) = NQ(〈c〉). But we know NQ(〈c〉) = CQ(〈c〉). Since 〈c〉 acts fixed
point freely on Q, we have CQ(〈c〉) = 1. Therefore Q ∩ NG(〈c〉) = 1 and M is a split
extension. This is a contradiction, hence SL2(p) cannot be isomorphic to a subgroup of
IG(Q,bQ) and so (w,bw) is non-major. Moreover IG(Q,bQ) = ING(D,bD)(Q,bQ) fol-
lows from Proposition 4.7. 
Our main result in this section shows that to understand the fusion in B it is sufficient
to understand the fusion of the Brauer correspondent in NG(D,bD).
Theorem 5.8. Let B be a block of G with Sylow B-subpair (D,bD) where D is extra
special of order p3 and exponent p2. Then NG(D,bD) controls fusion in F(D,bD)(G,B)
and we have
F(D,bD)(G,B) ⊆ FD
(
NG(D,bD)
)
.
Proof. From Proposition 5.5 we know that
F(D,bD)(G,B) ⊆ FS
(
NG(Q,bQ)
)
for some S ∈ Sylp(NG(Q,bQ)). Hence, for all R D, we have
NG(R,bR) = NNG(Q,bQ)(R,bR)CG(R). (3)
Let Y be any subgroup of D of order p2. Then (applying Proposition 4.7 or Proposi-
tion 5.7) we have IG(Y, bY ) ∼= ING(D,bD)(Y, bY ). Therefore
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CG(Y )
∼= NG(Y,bY )∩NG(D,bD)
CG(Y ) ∩NG(D,bD)
∼= (NG(Y, bY )∩NG(D,bD))CG(Y )
CG(Y )
.
So we have
NG(Y,bY ) = NNG(D,bD)(Y, bY )CG(Y ). (4)
Now, let P D have order p.
NG(P,bP ) = NNG(Q,bQ)(P, bP )CG(P ) by (3)
= NNNG(D,bD)(Q,bQ)CG(Q)(P, bP )CG(P ) by (4)
= NNG(D,bD)CG(Q)(P, bP )CG(P ) using NG(D,bD)NG(Q,bQ)
= NNG(D,bD)(P, bP )CG(P ) since CG(Q) CG(P ).
Finally, for the identity subgroup we have
NG(1,B) = NNG(D,bD)(1,B)CG(1) = G
and the result follows. 
The following lemmas shall be used in the next two sections to help with the calcula-
tions.
Lemma 5.9. Let x be as described above. Then
NG(D,bD)
〈
D,CG(x)
〉
.
Proof. Let γ ∈ NG(D,bD). Then we can consider γ as an automorphism acting on D (by
conjugation). Hence, for integers i, j and l we have
γ :x → xylp
y → xiyj , j 
≡ 0 mod p.
If we post multiply γ by yl , we get
γyl :x → x
y → xiy−ilpyj , j 
≡ 0 mod p.
Therefore γ ∈ 〈D,CG(x)〉. 
Lemma 5.10. Every element of NG(D,bD) centralizes some p-element of D.
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conjugation). Therefore, for integers i, j and l we have
γ :x → xylp
y → xiyj , j 
≡ 0 mod p.
Case 1. Let j 
≡ 1 (mod p). Then
γ :xymp → xylpymjp.
Consider
xylpymjp = xymp
⇔ l +mj ≡ m mod p
⇔ m(j − 1) ≡ −l mod p.
There exists a unique m with this property. Hence γ centralizes xymp .
Case 2. Let j ≡ 1 (mod p). Then for some J , we have
γ :x → xylp
y → xiyyJp
yp → xipypyJp2 = yp.
Therefore, γ fixes the centre 〈yp〉 of D. Further calculations give the following.
If l ≡ 0 mod p and J ≡ 0 mod p, then γ fixes 〈x, y〉.
If l ≡ 0 mod p and J 
≡ 0 mod p, then γ fixes 〈x, yp〉.
If l 
≡ 0 mod p and J ≡ 0 mod p, then γ fixes 〈y〉.
If l 
≡ 0 mod p and J 
≡ 0 mod p, then γ fixes 〈xJ/ly〉. 
5.3. Calculating k(B)− l(B)
To calculate k(B)− l(B) we use a theorem of Brauer (Theorem 3.15) which states that
k(B) is equal to the number of irreducible Brauer characters belonging to the subsections
in a set of representatives for the conjugacy classes.
From above we already know that the subsections of order p2 all have l(b) = 1. So we
calculate the value of l(b) for the remaining types of subsection that can occur. The value
of the major subsections will allow us to prove that, for our case, Brauer’s k(B)-Conjecture
holds. To do this we will use the following result.
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sume B has a major subsection (u, bu) with l(bu) = 1. Then
∞∑
i=0
ki(B)p
2i  pd(B).
We then use results from the last section together with that of Section 3 to determine
[(G : sp(B))]. After this we will be in the position to calculate k(B)− l(B).
Proposition 5.12. Let w ∈ Q be non-central. Then
l(bw) =
∣∣IG(D,bD)∣∣.
Proof. If x is as above, then there exists a unique subsection (x, bx) ∈ (D,bD). The ele-
ment w is D-conjugate to xa for some a. Therefore, the subsections (w,bw), (xa, bxa ) ∈
(D,bD) are conjugate. Now, (x, bx) and (xa, bxa ) give rise to (X,bx)  (D,bD) and
(X,bxa )  (D,bD) respectively, where X = 〈x〉 = 〈xa〉. Hence, by the uniqueness part
of [25, 1.6], we have bx = bxa . Hence we see that l(bw) = l(bxa ) = l(bx) and it suffices to
calculate l(bx).
By Proposition 5.7, we know that IG(Q,bQ) ∼= ING(D,bD)(Q,bQ) (i). From the proof
of Proposition 5.5 we know that NG(D,bD)  NG(Q,bQ) (ii). If C = CG(x), then
DCG(Q) ∩ C = QCG(Q) ∩ C (iii). Lemma 5.9 tells us that NG(D,bD)  DC (iv). Fi-
nally, we also know that NG(D,bD) ∩ CG(Q)  DCG(D) (v) because IG(D,bD) is a
p′-group and the only non-trivial automorphisms of D which centralize Q have order p.
Using all these facts as noted we have
IC(Q,bQ) = NG(Q,bQ)∩C
QCG(Q)∩C
∼= NG(Q,bQ)∩NG(D,bD)∩C
QCG(Q)∩NG(D,bD)∩C (i)
= NG(D,bD)∩C
QCG(Q)∩ (NG(D,bD)∩C) (ii)
= NG(D,bD)∩C
DCG(Q)∩ (NG(D,bD)∩C) (iii)
∼= (NG(D,bD)∩C)DCG(Q)
DCG(Q)
= (NG(D,bD)∩DC)CG(Q)
DCG(Q)
= NG(D,bD)CG(Q)
DCG(Q)
(iv)
NG(D,bD)∼=
DCG(D)
(v).
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C = C/〈x〉, as before, and we know that l(bx) = l(bx). Now, bx has cyclic defect group,
Q = Q/〈x〉, so by Theorem 2.3 we have
l(bx) = l(bx) =
∣∣IC(Q,bQ)∣∣= ∣∣IC(Q,bQ)∣∣= ∣∣IG(D,bD)∣∣. 
In the following result we wish to determine the value of l(bu) for a major subsection
(u, bu). We show that the block bu is also has only one irreducible Brauer character. This
has notable consequences; by applying a result of Robinson (5.11), we can prove Brauer’s
k(B)-Conjecture in this case.
Proposition 5.13. Let u be a non-identity element in Z(D). Then
l(bu) = 1.
Moreover,
k0(B)+ p2k1(B) p3
and Brauer’s k(B)-Conjecture holds.
Proof. Since u is central in D, the pair (u, bu) is a major subsection (Proposition 3.17), so
it has defect group D. We apply Theorem 2.2 to get
l(bu) = l
(
bu
)
where bu is a block of C = CG(u)/〈u〉 with elementary abelian defect group D of order p2.
The proof of Proposition 4.3 shows that∣∣ICG(u)(D,bD)∣∣= ∣∣IC(D,bD)∣∣.
Now, let g ∈ NCG(u)(D,bD) be acting non-trivially by conjugation. Then the action
must be the following:
x → x
y → y(p+1)
up to conjugacy by an element of D. But this is the action given by x ∈ D. Therefore, g ∈
DCG(D) and |ICG(u)(D,bD)| = |IC(D,bD)| = 1. Therefore bu has p2 conjugacy classes
of major subsections. From [5, 7B] we get l(bu) = l(bu) = 1.
From Theorem 3.7 we know that in B we only have characters of height 0 and 1. We
now apply Robinson’s result (Theorem 5.11). This gives
k(B) k0(B)+ p2k1(B) p3,
and so Brauer’s k(B)-Conjecture holds. 
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this case we are able to state the value just in terms of p and the order of the inertial
quotient.
Theorem 5.14. Let B be a block of G with an extra special defect group of order p3 and
exponent p2. Let (D,bD) be a Sylow B-subpair and I = IG(D,bD) be the inertial quotient
of D. Then
k(B)− l(B) = p
2 − 1
|I | + (p − 1)|I |.
Proof. From Brauer’s formula for k(B) (3.15) we know
k(B)− l(B) =
∑
(s,bs )
l(bs)
where (s, bs) is taken from [(G : sp(B))]\(1,B).
From above, we know that the fusion of both the subsections and the subpairs is de-
pendent on I only. We have the values of each l(bs) (from Lemma 4.2, Propositions 5.12
and 5.13) so it remains to count the subsections.
Recall that R(D,bD) is a set of Brauer subpair conjugacy class representatives. From
Proposition 3.9, R(D,bD) is a subset of{
(D,bD), (Q,bQ), (Y0, bY0), . . . , (Yp, bYp )
}
.
We can consider I acting on the centre Z of D to calculate the number of major subsections
and then I acting on the maximal subgroups of D to give the remaining subsections. Since
I is a subgroup of the cyclic group of order p − 1, it is also cyclic. Therefore, let γ ∈ I be
a generator of I . Without loss of generality, we can assume that the subgroup Y0 = 〈y〉 is
fixed by γ . Then, for integers j and k, we have
y → yj
x → ykpx.
Each orbit on Z\1 contains |I | elements. So the number of conjugacy classes of major
subsections, (u, bu), is 1 + (p − 1)/|I |. From Proposition 5.13 each major subsection has
l(bu) = 1.
Similarly, we have that the number of conjugacy classes of cyclic p2 subgroups is 1 +
(p − 1)/|I |, and so we may assume
R(D,bD) =
{
(D,bD), (Q,bQ), (Y0, bY0), . . . , (Y1+(p−1)/|I |, bY1+(p−1)/|I |)
}
.
We now consider the non-central elements of the maximal subgroups as these give rise
to the non-major subsections. The cyclic subgroups of order p2 are given by 〈xiy〉 for
some 0  i  p − 1. From the formula, above, for γ we see that for 1  i  p − 1 the
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(other than the D-conjugacy) within these cyclic subgroups except for i = 0. For i = 0 we
get a fusion of the p − 1 non-central classes giving (p − 1)/|I | conjugacy classes of non-
major subsections coming from Y0. From Lemma 4.2 each non-major subsection (v, bv)
with v ∈ Yi has l(bv) = 1.
The only remaining subsections are of the form (w,bw) for w ∈ Q\Z. Since
NG(D,bD)  DCG(x), we have no extra fusion of the D-conjugacy classes. So, from
Proposition 5.12, we have p − 1 subsections with l(bw) = |I |.
Collecting this together we have
k(B)− l(B) = p − 1|I | l(bu)+
p − 1
|I | pl(bv)+ (p − 1)l(bw)
= p
2 − 1
|I | + (p − 1)|I |. 
5.4. Lower defect groups
We shall use lower defect groups to obtain more information about l(B) and get a defi-
nite value in the local case.
5.4.1. Definitions
The following definitions come from Olsson [24]. The results we use later in this section
can also be found in Olsson’s paper which we reference when used.
Definition 5.15. Let P(G) be the set of p-subgroups of G and let Π(G) be the set of
p-elements of G. We define the following ideals of the algebra Z(FG). Let R ∈P(G) and
r ∈ Π(G). Then let
JR =
〈
Kˆ | K ∈ Cl(G), δ(K)R〉,
JˆR =
〈
Kˆ | K ∈ Cl(G), δ(K) < R〉,
S(r) = 〈Kˆ | K ∈ Cl(G), K ⊆ SGp (r)〉.
Where SGp (r) is the p-section of r , this is the set of conjugacy classes of elements of G
whose p-part is conjugate to r . In this case the multiplicity of R as a lower defect group
of B is
mG,B(R) = DimF(eBFG∩ JR)− DimF
(
eBFG∩ JˆR
)
.
If mG,B(R) > 0, then we say that R is a lower defect group of B. We make a further
refinement to say that the multiplicity of R as a lower defect group of B in the section of r
is
( ) ( )
m
(r)
G,B(R) = DimF eBFG∩ S(r)∩ JR − DimF eBFG∩ S(r)∩ JˆR .
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G,B =
∑
R m
(r)
G,B(R) where we sum over all R ∈ [(G :P(G))].
It is easy to see that
mG,B(R) =
∑
r∈Π(G)
m
(r)
G,B(R).
Further results show that D is always a lower defect group of B. If R is a lower defect
group of B, then R is a subgroup of a defect group of B. If m(r)
G,B(R) > 0, then r is
conjugate to an element of the centre of R. Finally,
l(B) = m(1)
G,B.
(See [24, 3.1, 3.6, 5.7 and §8].)
5.4.2. Approximation of l(B)
We have that
l(B) = m(1)G,B =
∑
R
m
(1)
G,B(R)
[24, 5.4]. We are able to calculate l(B)−m(1)G,B(1) in general. Then, restricting to the local
case we can calculate m(1)G,B(1).
The first result applies to all blocks. It gives a group theoretic condition which is suffi-
cient to show that the contribution to l(B) is zero.
Theorem 5.16. Let B be a block of G with defect group D. Let R < D such that
CD(R)R. Then
m
(1)
G,B(Q) = 0.
Proof. Let b be a block of NG(R) such that bG = B. By [20, §5, 5.15] there exists a
unique block bR of RCG(R) and a unique block b∗ of CG(R) such that
((
b∗
)RCG(R))NG(R) = bNG(R)R = b.
Let (D, bD) be a Sylow B-subpair containing (R,bR). We know bGR =B, so we can use
Fong’s Theorem [20, §5, 5.13 and 5.16] to calculate the defect group, δ(bR), by saying
δ(bR) =D∩RCG(R) = R.
Therefore (R,bR) is a Brauer B-subpair and (again by Fong’s Theorem) b∗ has defect
group Z(R).
We now show that b∗ is nilpotent. Suppose (L,bL) is a Brauer b∗-subpair and n ∈
NCG(R)(L,bL) is a p′-element. Since L  Z(R)  R, we know that n ∈ CCG(R)(L). So
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by the Külshammer–Puig paper [11] we have
l
(
b∗
)= 1. (5)
Next, we demonstrate that a defect group of b strictly contains R. We know that there
exists a subgroup R < S  D such that R  S. Then there exists a unique block bS of
SCG(S) such that
(R,bR) (S, bS) (D, bD).
Since SCG(R)NG(R) we have
b = bNG(R)R =
(
b
SCG(R)
R
)NG(R) = (bSCG(R)S )NG(R) = bNG(R)S .
So by [20, §5, 3.3], the defect group of b, say T satisfies T  S > R. So by [24, 8.3] we
have
m
(1)
NG(R),b
(T ) = 1. (6)
We now apply [24, 5.11] to b ∈ NG(R) and R NG(R). Then we have
∑
P∈PR
m
(1)
NG(R),b
(P ) l
(
b∗
) (7)
where PR is as defined in [24, 5.11]. From Eq. (5) the right-hand side of Eq. (7) is equal
to 1. We may assume that the left-hand side contains m(1)NG(R),b(T ) which is equal to 1 by
Eq. (6). Therefore
m
(1)
NG(R),b
(R) = 0.
Finally, we apply [24, 7.2] to m(1)
G,B(R) and since the above argument holds for all
choices of b, we have
m
(1)
G,B(R) =
∑
b
m
(1)
NG(R),b
(R), b ∈ Bl(NG(R) |B),
= 0. 
Corollary 5.17. Let B be a block of G. Suppose that R is a p-subgroup of G such that
m
(1)
G,B(R) 
= 0. Then, either R is a defect group of B or there exists a defect group D
containing R such that(R,bR) /∈ A(D, bD).
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G,B(R) 
= 0. If R is a defect group of B then by [24, 8.3], we have
m
(1)
G,B(R) = 1.
Now suppose that R < D and (R,bR) ∈ A(D, bD). Therefore (R,bR) is a Brauer B-
subpair. We know that bGR =B, so we may use Fong’s Theorem [20, §5, 5.13 and 5.16] to
show that the defect group, R, of bR is
R =D∩RCG(R) CD(R).
However, Theorem 5.16 implies that m(1)
G,B(R) = 0. This is a contradiction, so we must
have (R,bR) /∈ A(D, bD). 
We now calculate multiplicities for the remaining subgroups of the extra special group
D ∼= p1+2− not covered by the above theorem. We start with the centre of D and then the
subgroup of order p generated by x.
Proposition 5.18. Let B be a block of G with a defect group D. Let Z = Z(D). Then
m
(1)
G,B(Z) = 0.
Proof. Let b ∈ Bl(NG(Z) | B). Then by [20, §5, 5.15] there exists a unique block bZ of
ZCG(Z) such that
b
NG(Z)
Z = b.
Therefore, (Z,bZ) is a subpair and for any element u ∈ Z which generates Z we have a
subsection (u, bZ). By Proposition 3.17, (u, bZ) is a major subsection and hence the defect
group of b is D, since bNG(Z)Z = b and [20, §5, 3.3].
Now,
m
(1)
G,B(Z) =
∑
b
m
(1)
NG(Z),b
(Z)
for b ∈ Bl(NG(Z) | B) by [24, 7.2]. We may now apply [24, 5.11] to b, since Z NG(Z).
This gives
∑
S∈PZ
m
(1)
NG(Z),b
(S) l(bZ)
for any bZ ∈ Bl(CG(Z) | B). However, we have m(1)NG(Z),b(D) = 1 by [24, 8.3] and we have
(1) (1)l(bZ) = 1 by Proposition 5.13. Therefore mNG(Z),b(Z) = 0 and hence mG,B(Z) = 0. 
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m
(1)
G,B(X) = |I | − 1
where I = IG(D,bD).
Proof. Let (x, bx) ∈ (D,bD). We know that X is contained in every lower defect group of
bx by [24, 3.7]. We also know that the defect group of bx is Q by Corollary 3.20. Hence,
using Proposition 5.12, we have
|I | = l(bx) = m(1)CG(x),bx = m
(1)
CG(x),bx
(Q)+m(1)CG(x),bx (X).
By [24, 8.3], we have that
m
(1)
CG(x),bx
(X) = |I | − 1.
Now, from Theorem 5.8 and using NG(D,bD)DCG(x) (see Lemma 5.9) we see that
NG(X,bX) = NNG(D,bD)(X,bX)CG(X)
NDCG(x)(X,bX)CG(X)
= CG(x).
But, since CG(x)NG(X,bX), we have equality in the above equation.
Hence
m
(1)
G,B(X) =
∑
b∗
m
(1)
NG(X),b
∗(X) for b∗ ∈ Bl(NG(X) | B) by [24, 7.2],
=
∑
b
m
(1)
NG(X,bX),b
(X) for b ∈ Bl(NG(X,bX) | B) by [21, (9.14)],
= m(1)CG(x),bx (X) for bx ∈ Bl
(
CG(x) | B
)
by above and [25, 1.6]
= |I | − 1. 
Collecting the above results we get the following.
Theorem 5.20. Let B be a block with an extra special defect group of order p3 and expo-
nent p2. Fix a Sylow B-subpair (D,bD) and let I be the inertial quotient of bD . Then
(1)
l(B)−mG,B(1) = |I |.
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have some fusion in the cyclic subgroups of order p2, we may assume that
l(B)−m(1)G,B(1) =
∑
R
m
(1)
G,B(R)
for
R ∈ {D,Q,Y0, . . . , Ys,Z,X}.
From Theorem 5.16 and Proposition 5.18 we have
l(B)−m(1)G,B(1) = m(1)G,B(D)+m(1)G,B(X) then by Proposition 5.19
= m(1)G,B(D)+ |I | − 1 and by [24, 8.3]
= |I |. 
To finish this section we restrict to the case where D G and we are able to calculate
k(B) and l(B).
Theorem 5.21. Let B be a block with an extra special defect group of order p3 and expo-
nent p2. Fix a Sylow B-subpair (D,bD) and let I be the inertial quotient of bD . Suppose
that
D G.
Then
k(B) = p
2 − 1
|I | + p|I |, l(B) = |I |.
Proof. By the Fong–Reynolds’ Theorem [21, (9.14)], we may assume that G = NG(D,bD).
Suppose that m(1)G,B 
= 0, then
DimF
(
eBFG∩ J1 ∩ S(1)
)
 1.
So there exists a non-zero element, L (which is the sum of p′-conjugacy classes) in
eBFG∩J1 ∩S(1). By definition, J1 = 〈Kˆ | δ(K) = 1〉. Let Ks be a conjugacy class whose
elements, which include s, are in L. Then s does not centralize any p-element of D (oth-
erwise δ(Ks) would be larger). But s ∈ G = NG(D,bD) and by Lemma 5.10, s must
centralize some D-conjugate of x. This is a contradiction, hence m(1)G,B = 0.
Using the above together with Theorems 5.14 and 5.20, we get the result. 
Showing that Olsson’s Conjecture and Brauer’s k(B)-Conjecture hold in the remainingcases for exponent p is not the only possibility for further work in this area. A remaining
490 S. Hendren / Journal of Algebra 291 (2005) 457–491problem for both exponents is to calculate m(1)G,B(1). In fact, this is a problem for almost
all blocks. We were able to do this in the exponent p2 case when we have a normal defect
group and we conjecture that this value holds for the more general case. In the exponent
p case, even under the assumption that the defect group is normal, we were only able to
calculate an upper bound.
We were not able to calculate k(B) and l(B) exactly. This would be an interesting area
for further study and could be used to examine how sharp the k(B)-Conjecture is in this
case. In the exponent p2 case we conjecture that the following will hold,
k(B) = p
2 − 1
|I | + p|I | p
2 + p − 1,
l(B) = |I | p − 1.
Results in the exponent p case have also been obtained by the author and will appear in
a future paper.
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